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Abstrat
We review two analytial approahes in Dynamial
Mean-Field Theory (DMFT) based on a perturbation
theory expansion over the eletron hopping to and from
the self onsistent environment. In the first approah
the effetive single impurity Anderson model (SIAM) is
formulated in terms of the auxiliary Fermi-fields and
the projetion (irreduible Green's funtion) tehnique
is used for its solution. A system of the DMFT equa-
tions is obtained that inludes as simple speifi ases
a number of known approximations (Hubbard-III, AA,
MAA, . . . ). The seond approah is based on the dia-
grammati tehnique (Wik's theorem) for Hubbard op-
erators that allows to onstrut a thermodynamially
onsistent theory when SIAM exatly splits into four
omponents (subspaes): two Fermi liquid and two non-
Fermi liquid. The results for the density of states, on-
entration dependenes of the band energies, hemial
potential and magneti order parameters are presented
for different self-onsistent approximations (AA, strong
oupling HartreeFok and further).
1 Introdution
Many unonventional properties (e.g., metalinsulator
transition, eletroni (anti)ferromagnetism) of the nar-
row-band systems (transition metals and their om-
pounds, some organi systems, high-Tc superondutors,
et.) an be explained only by the proper treatment
of the strong loal eletron orrelations. The simplest
models allowing for the eletron orrelations are a single-
band Hubbard model with on-site repulsion U and hop-
ping energy t and its strong-oupling limit (U ≫ t): t−J
model. Reent studies of the Hubbard-type models on-
neted mainly with the theory of high-Tc superondu-
tivity and performed in the weak- (U ≤ 4t) and strong-
(U ≫ t) oupling limits, eluidate some important fea-
tures of these models [1℄. But still a lot of problems
remains, espeially for the U ≫ t ase where there are
no rigorous approahes.
Despite the relative simpliity of the models used for
their desription the theory of eletron spetrum and
thermodynami properties of suh systems is far from
its final ompletion. The use of loalized (atomi) basis
of eletron states is the general feature of the models.
Corresponding Hamiltonians
H =
∑
i
Hi +
∑
〈ij〉
∑
σ
tija
†
iσajσ (1)
inlude, on the one hand the eletron transfer (hopping)
tij between neighbouring sites (atoms) in the rystal lat-
tie and on the other hand the short-range single-site
eletron orrelations. It is primarily the on-site energy of
Coulomb repulsion U in the ase of the Hubbard model
and the models based on that one:
Hi = Uni↑ni↓ − µ
∑
σ
niσ . (2)
Models like (1), (2) an be solved exatly in two lim-
iting ases: atomi limit (t = 0) and band eletrons
(U = 0). Near these extreme ases the expansions in
terms of t or U are used, but the onsistent formulation
of the perturbation theory espeially in the ase of strong
oupling is not a simple task. The ase of an interme-
diate oupling t ∼ U is more ompliated for onsider-
ation. In this region of parameter values, the splitting
in the band eletron spetrum and the metalinsulator
transition takes plae.
Due to the presene of strong eletron orrelations, the
state of the eletron system and its properties depend
essentially on the mean eletron onentration. At a
different filling of eletron states and depending on the
relation between t and U parameters, the system an
be paramagneti or the transition into ferro- (antiferro-
) magneti phase an take plae. In the ase of the
more ompliated struture of the Hamiltonian Hi (due
to the allowane for the other, besides eletron, degrees
of freedom) or when the interation is extended to the
nearest neighbours in a lattie, the harge ordering an
appear; the effets of phase separation beome possible
as well. The listed phenomena are the subjet of study
in the framework of various approahes and methods.
A new impulse in the investigations in this field is on-
neted with the development of a new approah having
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its origin in works [2, 3, 4℄ where the study of the (1),
(2)-type model in the limit of infinite dimensionality of
spae (d = ∞) has been proposed. Due to the prini-
pal simplifiations in the perturbation series taking plae
in this ase the possibility exists to obtain exat results
using the sheme that orresponds to the well known
oherent potential approximation (CPA) in the theory
of disordered rystalline alloys. The rapidly developing
orresponding method beame known as the dynamial
mean-field theory (DMFT).
The entral point in this method is formulation and
solution of the auxiliary single-site problem. An initial
model is mapped on that one while onsidering one site
harateristis of the eletron spetrum, suh as single-
site eletron Green's funtion (see [5,6,7℄, as well as the
reviews [8, 9℄). In this ase the separated lattie site
is onsidered as plaed in some effetive environment.
Sine the proesses of eletron hopping from the atom
and returning into the atom are taken into aount, the
mean field ating on the eletron states of the atom pos-
sesses a dynamial nature. This field is desribed by the
oherent potential Jσ(ω) that should be determined in
a self-onsistent way. The analytial properties of the
solutions in the DMFT are onsidered in [10℄.
Only in some simple ases the single-site problem an
be solved analytially [11,12℄ (e.g., the FaliovKimball
(FK) model [13℄). In general, inluding the Hubbard
model, the appliation of numerial or seminumerial
(suh as quantum Monte Carlo [6, 14, 15℄ or exat diag-
onalization [16, 17℄ as well as numerial renormalization
group [18℄, see [9℄) methods turns out to be neessary.
At present, the Dynamial Mean-Field Theory is ap-
plied to investigate different effets in the various sys-
tems desribed by the simplified or realisti models.
First appliations were devoted to the investigation of
the hanges of the density of states at the metal-insulator
transition and appearane of the antiferromagneti and
ferromagneti states in the Hubbard model [6,15,19,20,
21, 22, 23, 24, 25, 26, 27, 28, 29℄ and other strongly or-
related eletron models: Hubbard model with orbiral
degeneray [30℄ and disorder [31℄, boson-fermion model
[32℄, extended Hubbard model [33℄, double-exhange
model [34℄, FaliovKimball model with orrelated hop-
ping [35℄, two-band Hubbard model [36,37℄, periodi An-
derson model [38℄.
Besides, different types of the response funtions and
transport oeffiients are also alulated. The gen-
eral basis how to derive response funtions in DMFT
are given in [11, 39, 12℄. Investigations of the harge
and magneti suseptibilities revealed also hess-board
harge-density-wave phase at half-filling [11℄ as well as
inommensurate order and phase separation at other fill-
ings [40, 41℄. DMFT is used also to investigate optial
ondutivity [20, 21, 42, 43℄, eletroni Raman satter-
ing [44, 45℄, thermoeletri response [46℄.
In last years, DMFT is used as an approximation
sheme to onsider the eletron-eletron interation to-
gether with band degeneray and lattie struture of the
atual materials within the so-alled LDA+DMFT ap-
proah, that allows to desribe orretly the insulating
state of the transition-metal oxides, band struture and
phase diagrams of the different ompounds [47, 48℄.
At the same time it is of interest to develop approx-
imate analyti approahes to the solution of the single-
site problem. Their appliation at that stage is more
effetive than at onsidering the full model (a short re-
view of suh attempts was given reently in [51, 52℄).
The availability of the analytial (even of approximate)
method is useful espeially for new models as well as at
the transition to the finite dimensionality of the system.
The auray of approximation an be estimated relat-
ing to the results of numerial alulations.
The first analytial approximation proposed for the
Hubbard model was a simple Hubbard-I approximation
[53℄ (see Ref. [54℄ for its possible improvement) whih
is orret in the atomi (t = 0) and band (U = 0)
limits but is inonsistent in the intermediate ases and
annot desribe the metalinsulator transition. Hub-
bard's alloy-analogy solution [55℄ (so-alled Hubbard-III
approximation) inorporates into the theory an eletron
sattering on the harge and spin flutuations that al-
lows us to give qualitative desription of the hanges
of the density-of-state at the metalinsulator transition
point. Hubbard-I and Hubbard-III approximations in-
trodue two types of partiles (eletrons moving between
empty sites and eletrons moving between sites ou-
pied by eletrons of opposite spin) with the different en-
ergies that differ by U and form two Hubbard bands.
Related shemes of the so-alled two-pole approxima-
tions [56, 57℄, whih are justified by the t/U ≪ 1 per-
turbation theory expansions [58℄, are also onsidered.
However, in the reent QMC studies [59, 60℄ there are
learly distinguished four bands in the spetral fun-
tions rather than the two bands predited by the two-
pole approximations. Suh four-band struture is re-
produed by the strong-oupling expansion for the Hub-
bard model [60℄ in the one-dimensional ase. There are
also analytial approximations developed speially for
the effetive environment in the DMFT [49,50℄. Within
other approahes let us mention non-rossing approxi-
mation [21, 61℄, EdwardsHertz approah [62, 63℄, iter-
ative perturbation theory [64, 65℄, alloy-analogy based
approahes [66,67℄, and linked luster expansions [4,68℄,
whih are reliable in ertain limits and the onstrution
of the thermodynamially onsistent theory still remains
open [52℄.
The aim of this paper is to review two reently pro-
posed approahes [69, 70℄ based on the rigorous pertur-
bation theory sheme in terms of eletron hopping for
the Hubbard-type models.
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The first approah [69℄ is based on the tehnique of
the irreduible Green's funtions. The proedure of pro-
jeting onto the basi set of operators is used (the set
onsists of the single-site eletron Hubbard operators of
the Fermi-type). The reipe is given for the onstru-
tion of the system of equations for the oherent potential
and self-onsisteny parameter (having the meaning of a
stati part of the effetive internal field) in the approah
that is a generalization of the Hubbard-III approxima-
tion. Speifi ases are onsidered orresponding to the
more simple approximations of the alloy-analogy (AA)
or modified alloy-analogy (MAA) type [52, 66℄ in the
DMFT method as well as to the ertain deoupling pro-
edure in the two-time Green's funtion method when
applied to the initial eletron problem.
Another possibility is to build analytial approahes
by the systemati perturbation expansion in terms of the
eletron hopping [71, 72, 73℄ using diagrammati teh-
nique for Hubbard operators [74, 75℄. One of them was
proposed for the Hubbard (U =∞ limit) and t−J mod-
els [76,77℄. The lak of suh approah is onneted with
the onept of a hierarhy system for Hubbard opera-
tors when the form of the diagrammati series and final
results strongly depend on the system of the pairing pri-
ority for Hubbard operators. On the other hand it is
diffiult to generalize it on the ase of the arbitrary U .
In the seond part of this paper we show how a rig-
orous perturbation theory sheme in terms of eletron
hopping that is based on the Wik's theorem for Hub-
bard operators [74, 75℄ and is valid for arbitrary value
of U (U < ∞) and does not depend on the hierar-
hy system for X operators an be developed for the
Hubbard-type models [70℄. In the limit of infinite spatial
dimensions, these analytial shemes allow us to build
a self-onsistent BaymKadanoff type theory [78,79℄ for
the Hubbard model and some analytial results are given
for simple approximations. The FaliovKimball model
is also onsidered as an exatly solvable limit of Hubbard
model.
2 Hubbard model and similar models in
a limit of infinite dimension of spae
(d =∞)
The transition to the d = ∞ limit in the DMFT ap-
proah is aompanied by the saling of the eletron
transfer parameter
t =
t∗√
d
. (3)
In the ase of d-dimensional hyperubi lattie with an
eletron spetrum
εk =
2t∗√
d
d∑
α=1
cos kαa , (4)
this proedure leads to the Gaussian density of eletron
states [2℄
ρ0(ω) =
1
2
√
pit∗
exp
(
− ω
2
4t∗2
)
. (5)
The average kineti energy remains onstant in this ase
in the limit d =∞.
The saling (3) has a signifiant effet on the stru-
ture of diagrammati series for single-eletron Green's
funtions of the model of the (1) and (2) type. In parti-
ular, the irreduible self-energy part of suh a funtion
beomes a purely loal (a single-site) quantity [2, 3℄:
Σij,σ(ω) = Σσ(ω)δij , d =∞ . (6)
The Fourier-transform of Σij,σ(ω) is hene momentum-
independent
Σσ(k, ω) = Σσ(ω) . (7)
This leads to tremendous simplifiations in all many-
body alulations for the Hubbard model and related
models and enables us to obtain the exat numerial
results for the main parameters of the eletron spetrum,
to desribe magneti phase transitions and the metal
insulator transformation et. (see, for example, [9, 52℄).
The possibility of obtaining exat solutions in the d =
∞ limit opens the way to the development of a theory
based on the expansion in powers of 1/d (the results for
d = ∞ an be onsidered as zero approximation in this
ase). Suh approahes have been elaborated for the
last few years [80,81℄. On the other hand, onsideration
in the framework in the d = ∞ limit is not only of an
aademi interest. It turns out that a set of the known
approximating shemes or methods is orret in the d =
∞ limit. Besides, the obtained physial onlusions an
be transferred in many ases to the system with finite
dimensions keeping their suitability even at d = 3.
The formal sheme of alulating the eletron Green's
funtions and the main thermodynamial quantities an
be developed basing on the diagrammati expansions in
powers of interation parameters (suh as energy U in
the ase of the Hubbard model) or matrix elements of
the eletron transfer tij . The eletron Green's funtion
in (k, ω) representation
Gσk (ω) =
∑
i−j
eik(Ri−Rj)Gij,σ(ω) (8)
an be expressed in the first or in the seond of these
ases as
Gσ
k
(ω) =
1
ω + µ− tk − Σσ(ω) (9)
or
Gσ
k
(ω) =
1
Ξ−1σ (ω)− tk
, (10)
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where Σσ(ω) or Ξσ(ω) are the irreduible parts (in
the diagrammati representation) aording to Dyson or
Larkin, respetively,
Ξ−1σ (ω) = ω + µ− Σσ(ω) . (11)
To alulate the Σσ(ω) [or Ξσ(ω)℄ funtion, the effe-
tive single-site problem is used. As was shown in [11℄,
the transition to this problem orresponds to the replae-
ment
e−βH → e−βHeff = e−βH0 (12)
×T exp
{
−
∫ β
0
dτ
∫ β
0
dτ ′
∑
σ
Jσ(τ−τ ′)a†σ(τ)aσ(τ ′)
}
,
where
H0 = Hi (13)
and Jσ(τ − τ ′) is an effetive auxiliary field whih is
determined self-onsistently from the ondition that the
same irreduible part Ξσ(ω) determines the lattie fun-
tion (10) as well as the Green's funtion G
(a)
σ (ω) of the
effetive single-site problem. The last one is onneted
with Ξσ(ω) and Jσ(ω) by the relation
G(a)σ (ω) =
1
Ξ−1σ (ω)− Jσ(ω)
. (14)
On the other hand,
G(a)σ (ω) = Gii,σ(ω) =
1
N
∑
k
Gσk(ω) . (15)
Dynamial field Jσ(τ − τ ′) desribes eletron hopping
from the given site into the environment and vie versa;
the eletron propagates in the environment without go-
ing through this site between moments τ and τ ′. The
expression
Jσ(ω) =
∑
kj
tiktijG
(i)
kj,σ (16)
orresponds to this situation (the relation (16) is known
from the standard CPA sheme [82,83℄); hereG
(i)
kj,σ is the
eletron Green's funtion for a rystal with the removed
site i.
The set of equations (10), (14) and (15) beomes
losed when it is supplemented by the funtional de-
pendene
G(a)σ (ω) = f([Jσ(ω)]) , (17)
whih is obtained as the result of solving the effe-
tive single-site problem with the statistial operator
exp(−βHeff). It is possible to do this in an analytial
way only in some ases of simple models (a Faliov
Kimball model [11℄; a pseudospineletron model at
U = 0 [84℄; a usual binary alloy model). In general,
numerial methods are used.
The sheme desribed lies at the basis of the above
mentioned DMFT approah used in the last years in
onsidering strongly orrelated eletron systems.
3 Eletron Green's funtions of the ef-
fetive single-site problem
As it was mentioned, the entral point in the DMFT ap-
proah is the solution of the effetive single-site problem
and the determination of the onnetion between the dy-
namial mean field (oherent potential) Jσ(ω) and the
single-site eletron Green's funtion G
(a)
σ (ω). Reently
an approximate sheme [69℄, whih is based on the teh-
nique of the irreduible two-time temperature Green's
funtions and leads to the results having an interpolating
harater, was proposed. The Hubbard model is taken
into onsideration to illustrate the method.
Let us reformulate a single-site problem introduing
expliitly an effetive Hamiltonian
H˜eff = H0 + V
∑
σ
(a†σξσ + ξ
†
σaσ) +Hξ , (18)
where the auxiliary Fermi-field (ξσ, ξ
†
σ) is brought in.
It desribes the environment of the seleted site and
formally is haraterized by the Hamiltonian Hξ. The
single-eletron transitions between the site and the en-
vironment are taken into aount.
An expliit form of the Hamiltonian Hξ is unknown.
Let us onsider, however, the Green's funtion
Gσ(ω) = 〈〈ξσ |ξ†σ〉〉(Hξ)ω (19)
for auxiliary fermions as the given funtion. The Green's
funtion Gσ(τ−τ ′) = 〈Tτξ†σ(τ)ξσ(τ ′)〉ξ [where averaging
is performed with the part Hξ of the Hamiltonian (18)℄
orresponds to the funtion (19) in the Matsubara's rep-
resentation. It is shown in [69℄ that the expansion of
the exp(−βH˜eff) operator in powers of V and the sub-
sequent averaging over the states of ξ-subsystem using
the Wik's theorem and funtions (19) leads to the sta-
tistial operator (12):
〈exp(−βH˜eff)〉(Hξ) = exp(−βHeff) . (20)
The relation
2piV 2Gσ(ω) = Jσ(ω) (21)
takes plae in this ase.
The obtained result points out to the possibility of the
Green's funtionG
(a)
σ (ω) alulation based on the Hamil-
tonian H˜eff . The averaging over the a, a
†
-variables is
performed with the use of the Gibbs distribution while
over the ξ, ξ†-variables it is done with the help of fun-
tion (19).
Let us write the Hamiltonian (18) for the ase of the
Hubbard model in terms of Hubbard operators
H˜eff = −µ
(∑
σ
Xσσ + 2X22
)
+ UX22 +
+V
∑
σ
[
(Xσ0 + σX2σ¯)ξσ + ξ
†
σ(X
0σ + σX σ¯2)
]
+
+Hξ . (22)
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Here the basis of single-site states |n↑n↓〉
|0〉 = |0, 0〉 , | ↓〉 = |0, 1〉 ,
|2〉 = |1, 1〉 , | ↑〉 = |1, 0〉 (23)
is used (σ =↑, ↓). In this ase the Green's funtion
G
(a)
σ (ω) an be written in the form
G(a)σ = 〈〈X0σ|Xσ0〉〉ω+σ〈〈X0σ|X2σ¯〉〉ω
+ σ〈〈X σ¯2|Xσ0〉〉ω+〈〈X σ¯2|X2σ¯〉〉ω (24)
(a representation in terms of the two-time Green's fun-
tions is used).
We will write the equations for funtions (24) using
the equations of motion for X-operators:
i
d
dt
X0σ(t) = [X0σ, H˜eff ] = −µX0σ + V (X00 +Xσσ)ξσ
+ V X σ¯σξσ¯ + σV X
02ξ†σ¯ ,
i
d
dt
X σ¯2(t) = [X σ¯2, H˜eff ] = (U − µ)X σ¯2 (25)
+ σV (X22 +X σ¯σ¯)ξσ−σV X σ¯σξσ¯−V X02ξ†σ¯ .
In the Green's funtions of higher order we shall sep-
arate the irreduible parts using the method developed
in [85,86℄. Proeeding from the equations of motion (25)
we express derivatives i dX0σ(σ¯2)/dt as a sum of regular
(projeted on the subspae formed by operators X0σ,
X σ¯2) and irregular parts. The latter ones desribe an
inelasti quasipartile sattering. We obtain
[X0σ, H˜eff ] =−µX0σ + α0σ1 X0σ + α0σ2 X σ¯2 + Z0σ ,
[X σ¯2, H˜eff ] = (U − µ)X σ¯2 + ασ¯21 X0σ
+ ασ¯22 X
σ¯2 + Z σ¯2 . (26)
Operators Z0σ and Z σ¯2 are defined as orthogonal ones
to operators from the basi subspae:
〈{Z0σ(σ¯2), Xσ0}〉= 0 ,
〈{Z0σ(σ¯2), X2σ¯}〉= 0 . (27)
These equations determine the oeffiients α
0σ(σ¯2)
i .
Using the desribed proedure we ome to the expres-
sions
Z0σ = V (X00 +Xσσ)ξσ + V X σ¯σξσ¯ + σV X02ξ
†
σ¯ ,
Z σ¯2 = σV (X22 +X σ¯σ¯)ξσ − σV X σ¯σξσ¯
− V X02ξ†σ¯ , (28)
where
(X00 +Xσσ)ξσ = (X
00 +Xσσ)ξσ ,
(X22 +X σ¯σ¯)ξσ = (X
22 +X σ¯σ¯)ξσ ,
X σ¯σξσ¯ = X
σ¯σξσ¯ − 1
A0σ
〈ξσ¯X σ¯0〉X0σ
− 1
A2σ¯
〈X2σξσ¯〉X σ¯2 ,
X02ξ†σ¯ = X
02ξ†σ¯ −
1
A0σ
〈Xσ2ξ†σ¯〉X0σ
− 1
A2σ¯
〈ξ†σ¯X0σ¯〉X σ¯2 (29)
and Apq = 〈Xpp +Xqq〉; A0σ = 1− nσ¯, Aσ¯2 = nσ¯.
Here
α0σ1 =−σασ¯21 =
V
A0σ
ϕσ ,
α0σ2 =−σασ¯22 = −
V
A2σ¯
σϕσ ,
ϕσ = 〈ξσ¯X σ¯0〉+ σ〈Xσ2ξ†σ¯〉 . (30)
(we put ϕσ = ϕ
∗
σ).
The equations for the first two funtions in (24) have
in this ase the form(
ω − aσ σ VA2σ¯ϕσ
σ V
A0σ
ϕσ ω − bσ
)(〈〈X0σ|Xσ0〉〉
〈〈X σ¯2|Xσ0〉〉
)
=
(
A0σ
2pi + 〈〈Z0σ|Xσ0〉〉
〈〈Z σ¯2|Xσ0〉〉
)
, (31)
where the notations
aσ = −µ+ V
A0σ
ϕσ , bσ = U − µ+ V
A2σ¯
ϕσ (32)
are used (a similar set of equations an be written for
funtions 〈〈Z0σ(σ¯2)|X2σ¯〉〉).
An equation for the Green's funtion 〈〈Z0σ(σ¯2)|Xσ0〉〉
(as well as for the funtion 〈〈Z0σ(σ¯2)|X2σ¯〉〉) an be ob-
tained by means of the differentiation with respet to
the seond time argument. Applying the similar proe-
dure of separation of the irregular parts we obtain the
expression
Gˆ = Gˆ0 + Gˆ0PˆσGˆ0 , (33)
where the matrix Green's funtion
Gˆ = 2pi
(〈〈X0σ|Xσ0〉〉 〈〈X0σ|X2σ¯〉〉
〈〈X σ¯2|Xσ0〉〉 〈〈X σ¯2|X2σ¯〉〉
)
(34)
is introdued. Gˆ0 is a nonperturbed Green's funtion
Gˆ0 =
1
Dσ
(
ω − bσ −σ VA2σ¯ϕσ
−σ V
A0σ
ϕσ ω − aσ
)(
A0σ 0
0 A2σ¯
)
, (35)
where
Dσ = (ω − aσ)(ω − bσ)− V
2
A0σA2σ¯
ϕ2σ (36)
and
Pˆσ = 2pi
(
A−10σ 0
0 A−12σ¯
)(〈〈Z0σ|Zσ0〉〉 〈〈Z0σ|Z2σ¯〉〉
〈〈Z σ¯2|Zσ0〉〉 〈〈Z σ¯2|Z2σ¯〉〉
)
×
(
A−10σ 0
0 A−12σ¯
)
(37)
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has the meaning of a sattering matrix. Being expressed
in terms of irreduible Green's funtions it ontains the
sattering orretions of the seond and higher order in
powers of V . The separation in Pˆ of the irreduible, with
respet to V , parts enables us to obtain a mass operator
Mˆ
Pˆσ = Mˆσ + MˆσGˆ0Mˆσ + MˆσGˆ0MˆσGˆ0Mˆσ + . . . ,
Mˆσ = Pˆσ|ir . (38)
In this ase the relation (33) an be transformed into
the Dyson equation
Gˆ = Gˆ0 + Gˆ0MˆσGˆ (39)
with the solution
Gˆ = (1− Gˆ0Mˆσ)−1Gˆ0 , (40)
whih provides a final expression for the Green's funtion
(34).
4 Different-time deoupling of irredu-
ible Green's funtions
We will restrit ourselves hereafter to the simple approx-
imation in alulating the mass operator Pˆ , taking into
aount the sattering proesses of the seond order in
V . In this ase
Mˆσ = Pˆ
(0)
σ , (41)
where the irreduible Green's funtions are alulated
without allowane for orrelation between eletron tran-
sitions on the given site and environment. It orresponds
to the proedure of the different-time deoupling [87℄,
whih means in our ase an independent averaging of
the produts of X and ξ operators.
Let us illustrate this approximation with some exam-
ples.
1. The Green's funtion
〈〈(X00 +Xσσ)ξσ|ξ†σ(X00 +Xσσ)〉〉ω ≡ I1(ω).
Aording to the spetral theorem we have
I1(ω) =
1
2pi
+∞∫
−∞
dω′
ω − ω′ (e
βω′ + 1)
+∞∫
−∞
dt
2pi
e−iω
′t〈ξ†σ(t)
× (X00 +Xσσ)t(X00 +Xσσ)ξσ〉ir . (42)
Due to the different-time deoupling
〈ξ†σ(t)(X00 +Xσσ)t(X00 +Xσσ)ξσ〉ir
≈ 〈(X00 +Xσσ)t(X00 +Xσσ)〉〈ξ†σ(t)ξσ〉 . (43)
We will take the first of these orrelators in a zero ap-
proximation
〈(X00 +Xσσ)t(X00 +Xσσ)〉
≈ 〈(X00 +Xσσ)2〉 = A0σ , (44)
and substitution of (43) into (42) leads in this ase to
the result
I1(ω) = A0σ〈〈ξσ |ξ†σ〉〉ω =
A0σ
2piV 2
Jσ(ω) . (45)
2. The Green's funtion 〈〈X σ¯σξσ¯|ξ†σ¯Xσσ¯〉〉ω ≡ I2(ω).
The representation of the I2(ω) funtion in the form
analogous to (42) leads to the time orrelation funtion
〈ξ†σ¯(t)Xσσ¯(t)X σ¯σξσ¯〉ir that an be approximated as
〈ξ†σ¯(t)Xσσ¯(t)X σ¯σξσ¯〉ir ≈ 〈Xσσ¯(t)X σ¯σ〉〈ξ†σ¯(t)ξσ¯〉
≈ 〈Xσσ〉〈ξ†σ¯(t)ξσ¯〉 . (46)
In this ase
I2(ω) = 〈Xσσ〉〈〈ξσ¯ |ξ†σ¯〉〉ω =
〈Xσσ〉
2piV 2
Jσ¯(ω) . (47)
3. The Green's funtion 〈〈X02ξ†σ¯|ξσ¯X20〉〉ω ≡ I3(ω).
The orresponding time orrelation funtion is deou-
pled as
〈ξσ¯(t)X20(t)X02ξ†σ¯〉ir
≈ exp[i(U − 2µ)t]〈X22〉〈ξσ¯(t)ξ†σ¯〉 . (48)
Using this expression we obtain
I3(ω) =
1
2
〈X00+X22〉〈〈ξ†σ¯ |ξσ¯〉〉ω+2µ−U
+ 〈X00−X22〉 1
2pi
+∞∫
−∞
dω′
ω+2µ−U−ω′
× tanhβω
′
2
[−2ℑ〈〈ξ†σ¯|ξσ¯〉〉ω′+iε] . (49)
Let us mention that at the half-filling of eletron states
(when n = 1, 〈X00〉 = 〈X22〉)
I3(ω) =−〈X22〉〈〈ξσ¯ |ξ†σ¯〉〉U−2µ−ω
=−〈X
22〉
2piV 2
Jσ¯(U − 2µ− ω) . (50)
Following the desribed proedure and taking into a-
ount the relation (21) we will ome to the following
expressions for irreduible Green's funtions:
〈〈Z0σ|Zσ0〉〉ω =A0σJσ(ω)−Rσ(ω) ,
〈〈Z σ¯2|Z2σ¯〉〉ω =A2σ¯Jσ(ω)−Rσ(ω) ,
〈〈Z0σ|Z2σ¯〉〉ω = 〈〈Z σ¯2|Zσ0〉〉ω = Rσ(ω) , (51)
where
Rσ(ω) =
1
2
〈X00 +X22〉Jσ¯(U − 2µ− ω)− 〈Xσσ〉Jσ¯(ω)
− 〈X00 −X22〉
+∞∫
−∞
dω′
pi
ℑJσ¯(−ω′ − i0+)
ω + 2µ− U − ω′ tanh
βω′
2
.(52)
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5 Basi set of equations
Using the results obtained in the previous setion we
an write the expressions for mass operator omponents
Mσ,αβ. On the basis of relation
Ξ−1σ (ω) =
(∑
αβ
Gσαβ(ω)
)−1
+ Jσ(ω) , (53)
[whih follows from (14)℄ and formula (40) it is possible
to determine the single-site self-energy part. We obtain
Ξσ(ω) =
[
ω − ε+A0σ − ε−A2σ¯ − Ω˜σ(ω)
]
×
[
(ω − ε+)(ω − ε−)− ωΩ˜σ(ω)
+ (ε+A2σ¯ + ε−A0σ)Ω˜σ(ω)
]−1
, (54)
where ε+ = U − µ, ε− = −µ and
Ω˜σ(ω) = Ωσ(ω) +
V ϕσ
A0σA2σ¯
,
Ωσ(ω) = Jσ(ω)− Rσ(ω)
A0σA2σ¯
. (55)
It should be mentioned that formula (54) an be also
represented in the form
Ξ−1σ (ω) =
[
A0σ
ω − ε− − Ω˜σ(ω)
+
A2σ¯
ω − ε+ − Ω˜σ(ω)
]−1
+ Ω˜σ(ω) . (56)
The relation (54) together with (10), (14) and (15) re-
ates a set of equations for the oherent potential Jσ(ω),
self-energy part Ξσ(ω) and Green's funtions Gii,σ(ω)
and Gσ
k
(ω).
It should be noted that the parameter ϕσ, whih is
expressed in terms of average values of the produts of
X and ξ operators (formula (30)), is a funtional of the
potential Jσ(ω). Aording to the spetral theorem
V 〈Xσ0(2σ¯)ξσ〉= i
+∞∫
−∞
dω
eβω + 1
[
V 〈〈ξσ |Xσ0(2σ¯)〉〉ω+i0+
− V 〈〈ξσ |Xσ0(2σ¯)〉〉ω−i0+
]
. (57)
On the other hand, using the linearized equation of
motion (26) and negleting the irreduible parts, we an
obtain the following set of equations
V 〈〈ξσ|Xσ0〉〉
(
ω − ε− − V
A0σ
ϕσ
)
+V 2σ
ϕσ
A2σ¯
〈〈ξσ |X2σ¯〉〉 = A0σ
2pi
Jσ ,
V 2σ
ϕσ
A0σ
〈〈ξσ|Xσ0〉〉 (58)
+V 〈〈ξσ |X2σ¯〉〉
(
ω − ε+ − V
A2σ¯
ϕσ
)
= σ
A2σ¯
2pi
Jσ .
It follows herefrom in the U →∞ limit
V ϕσ =−V 〈X σ¯0ξσ¯〉 = − 1
2pi
+∞∫
−∞
dω
eβω + 1
×
[
−2ℑ A0σ¯Jσ¯(ω)
ω − ε− − V ϕσ¯A0σ¯
]
ω+i0+
, (59)
or, in the Matsubara's representation
V ϕσ = − 1
β
A0σ¯
∑
ν
Jσ¯(ων)
iων − ε− − V ϕσ¯A0σ¯
. (60)
Thus, we obtain a self-onsistent equation for the pa-
rameter ϕσ.
6 Some speifi ases
Equations obtained in the previous setion form an
approximate analytial sheme of alulating both the
single-site and the full eletron Green's funtion in the
framework of DMFT. Let us ompare it with the stan-
dard approximations known from literature whih are
based on the assumption of the single-site struture of
the eletron self-energy. For this purpose we will on-
sider some speifi ases.
6.1 Hubbard-I approximation (Jσ = 0, Rσ = 0,
ϕσ = 0; Ω˜σ = 0)
It is the simplest approximation; renormalization of en-
ergies of atomi eletron transitions is absent and the
sattering proesses via oherent potential are not taken
into aount. The expression for the single-site self-
energy part
Ξσ(ω) =
A0σ
ω − ε− +
A2σ¯
ω − ε+ (61)
orresponds to the Hubbard-I approximation [53℄. Ele-
tron energy spetrum desribed by Green's funtion
Gσk (ω) onsists in this ase of two Hubbard subbands
divided by a gap existing at any relationship between
the values of U and t parameters.
6.2 Stati mean-eld approximation (Jσ = 0,
Rσ = 0; Ω˜σ = B ≡ V ϕσ/A0σA2σ¯)
In this ase only a self-onsistent shift of the energy lev-
els of the single-site atomi problem is taken into a-
ount. The oherent potential Jσ(ω) is replaed in the
expression for ϕσ by the approximate expression
Jσ(ω) =
∑
kj
tiktijGkj,σ(ω) (62)
following from (16) when the differene between G
(i)
kj,σ
and Gkj,σ is negleted.
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The expression for the self-energy part
Ξ−1σ (ω) =G
a
σ
−1(ω)
=
[
A0σ
ω − ε− −B +
A2σ¯
ω − ε+ −B
]−1
+B ,(63)
that an be obtained in this ase, orresponds to the
summation of the series
Gˆ = gˆ0Iˆ − gˆ0Wˆ gˆ0Iˆ + gˆ0Wˆ gˆ0Wˆ gˆ0Iˆ − . . . , (64)
where
gˆ0 =
(
(ω − ε−)−1 0
0 (ω − ε+)−1
)
,
Iˆ =
1
2pi
(
A0σ 0
0 A2σ¯
)
,
Wˆ =B
(−A2σ¯ A0σ
A2σ¯ −A0σ
)
. (65)
A sum of the diagrams with loop-like inlusions into
the line of the eletron single-site Green's funtion or-
responds to this series in a diagrammati representation.
Suh inlusions lead to the renormalization of energies
of the eletron levels [88℄. In partiular, at U =∞
G(a)σ (ω) = 〈〈X0σ|Xσ0〉〉ω =
1
2pi
A0σ
ω − ε− − V ϕσ¯A0σ
. (66)
Energy shift
∆ε− = A2σ¯B = − 1
A0σ
∑
l
til〈X σ¯0l X0σ¯i 〉 (67)
oinides in this ase with the previously obtained one
in a number of papers (see, for example [51,58,89℄) using
a more ompliated (in omparison with Hubbard-I ap-
proximation) deoupling proedure in equations for the
Green's funtion Gσ
k
(ω).
6.3 Hubbard-III approximation (ϕσ = 0; Ω˜σ =
Jσ −Rσ/A0σA2σ¯)
We an pass on to this approximation negleting, at first,
the renormalization of the atomi eletron levels and,
seondly, approximating
〈Xσσ〉
A0σA2σ¯
→ 1 , 〈X
22〉
A0σA2σ¯
→ 1 (68)
in the ase of half filling (when 〈X00〉 = 〈X22〉) in the
expression (55), that beomes exat only in the U → 0
limit. Consequently, an effetive potential of dynamial
mean field Ω˜σ(ω) takes the form
Ω˜σ(ω) = Jσ(ω) + Jσ¯(ω)− Jσ¯(U − 2µ− ω) . (69)
It orresponds (together with the expression (54) for
the eletron self-energy) to the Hubbard-III approxima-
tion [55℄. A potential Ω˜σ(ω) inludes (besides the oher-
ent potential Jσ(ω)) the terms whih desribe a satter-
ing on the spin and harge flutuations. Eletron energy
spetrum onsists in this ase of two subbands only at
U > Uc where the ritial value Uc orresponds to the
metalinsulator transition.
6.4 Alloy-analogy (AA) approximation (Rσ = 0,
ϕσ = 0; Ω˜σ(ω) = Jσ(ω))
The sattering proesses are taken here into aount only
via oherent potential. The single-site Green's funtion
looks like
Gii,σ(ω) = G
(a)
σ (ω) =
A0σ
ω − ε− − Jσ +
A2σ¯
ω − ε+ − Jσ (70)
in this ase. This expression is analogous to the lo-
ator funtion for a binary alloy [83℄. The proedure
of the Gσ
k
(ω) funtion alulation orresponds to the
CPA method. Let us write for this approximation an
irreduible, aording to Dyson, self-energy part Σσ =
ω − ε− − Ξ−1σ , using the expression (54) at Ω˜σ = Jσ:
Σσ = A2σ¯U
/(
1− A0σU
ω + µ− Jσ
)
. (71)
Or, after exluding a oherent potential
Σσ(ω) =
A2σ¯U
1−Gσii(ω)(U − Σσ(ω))
. (72)
This equation orresponds to the alloy-analogy (AA)
approximation [51℄.
6.5 Modied alloy-analogy (MAA) approxima-
tion (Rσ = 0; Ω˜σ = Jσ+V ϕσ/A0σA2,σ ≡ Jσ+B)
An AA-approah is supplemented here by the inlusion
of renormalization of single-site eletron levels. It an
now be obtained that
Σσ = A2σ¯U
/(
1− A0σU
ω − ε− − Ω˜
)
. (73)
This relation an be transformed into the equation
Σσ(ω) = A2σ¯U
/(
1− Gii,σ(U − Σσ)
1−Gii,σB
)
(74)
known in the so-alled Modified AA-approah [51,66℄.
One an see from the quoted speifi ases that the
approah developed in this work inludes a number of
known approximations giving in addition their unifia-
tion and generalization. The proposed sheme is more
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omplete than Hubbard-III approximation (whih in its
turn is the most general of the quoted ones) and dif-
fers from it by the allowane for a self-onsistent renor-
malization (due to the stati internal field) of the loal
energy spetrum as well as by the modifiation of the
potential Ω˜σ onstituent parts to a more elaborated in-
lusion of the magnon and harge flutuation sattering
proesses. Partiipation of Bose-partiles in suh a sat-
tering is taken into aount in our sheme in a more
onsistent way.
Quantitative hanges in the eletron spetrum (in par-
tiular, in the eletron density of states) and then in the
thermodynamis of the model, that might be the onse-
quene of applying the approah suggested herein, an
be the subjet of subsequent alulations with the use of
numerial methods.
7 Simple appliations of the method
Let us demonstrate here the potentialities of the devel-
oped approximative sheme using the examples of two
models (the FaliovKimball model and the simplified
pseudospineletron model) whih are analytially solv-
able in the DMFT approah.
7.1 FaliovKimball model
The FaliovKimball model in its initial version [13℄ was
proposed for the desription of the metal-insulator trans-
formation in ompounds with the transition and rare-
earth elements. The itinerant and loalized eletrons are
inluded into onsideration in the model. The simplified
but suffiiently omplete formulation of the FK model
was given in the set of subsequent publiations where
the Hamiltonian was onsidered as a speifi ase of the
Hamiltonian of the Hubbard model on the assumption
that the eletron transfer from one lattie site to another
one takes plae only in the ase of the seleted (σ =↑)
orientation of spins (see for example [11,90,91,92℄). Ele-
trons with the opposite spin orientation (σ =↓) remain
loalized. They an effet the energy of deloalized ele-
trons being a soure of sattering. In this ase the Hamil-
tonian of the model is the following [11, 90, 91℄
H =
∑
i
(
Uni↑ni↓ − µ
∑
σ
niσ
)
+
∑
<ij>
tija
†
i↑aj↑ . (75)
It should be mentioned that in (75) the itinerant and
loalized partiles are of the same nature and possess a
ommon hemial potential. Extension of the model on
the ase of the motionless partiles of different nature
(ions, impurities, spins, et.) results in the Hamiltonian
of the system of spinless fermions on a lattie whih are
moving in the random field given by the variables (wj =
0, 1) [40, 93, 94, 95, 96℄
H =
∑
ij
tijc
†
icj + U
∑
i
c†i ciwi
− µ
∑
i
c†i ci + E
∑
i
wi. (76)
Here the hemial potentials of eletrons (µ) and immo-
bile partiles (−E) are different. Among various appli-
ations the Hamiltonian (76) desribes the onduting
eletron subsystem of the binary alloy.
Thermodynamis of the FaliovKimball model de-
sribed by Hamiltonians (75) and (76) was onsidered
mainly at the fixed onentration of loalized partiles
ρion =
1
N
∑
i wi = const (ρion = 〈ni↓〉 = const) and in
the regimes of the given values of the hemial potential
µ or eletron onentration: ρe = 〈n↑〉 or n =
∑
σ 〈nσ〉
[11, 40, 90, 91℄.
In the DMFT approah the Hamiltonian of the effe-
tive single-site problem looks in the model (75) like
H˜eff = (U − 2µ)X22 − µ
∑
σ
Xσσ
+ V
[
ξ†↑(X
0↑ +X↓2) + (X↑0 +X2↓)ξ↑
]
+Hξ . (77)
In this ase, in the equations of motion for X-operators
[X0↑, H˜eff ] =−µX0↑ + V (X00 +X↑↑)ξ↑ ,
[X↓2, H˜eff ] = (U − µ)X↓2 + V (X22 +X↓↓)ξ↑ . (78)
those terms whih are responsible for the sattering with
the partiipation of Bose-partiles (magnons and harge
exitations) are absent. Only the omponents
Z0↑ = V (X00 +X↑↑)ξ↑ ,
Z↓2 = V (X22 +X↓↓)ξ↑ (79)
of irregular parts of the time derivatives of X-operators
are present.
The orresponding irreduible Green's funtions are
equal to
2pi〈〈Z0↑|Z↑0〉〉ω = 2piV 2A0↑G↑(ω) = A0↑J↑(ω) ,
2pi〈〈Z↓2|Z2↓〉〉ω = 2piV 2A↓2G↑(ω) = A↓2J↑(ω) ,
〈〈Z0↑|Z2↓〉〉ω = 〈〈Z↓2|X↑0〉〉ω = 0 . (80)
Using now the formulae (37)(39) we obtain
2piG
(a)
↑ (ω) =
A0↑
ω + µ− J↑(ω)
+
A↓2
ω + µ− U − J↑(ω) . (81)
This expression has the same struture as the Green's
funtion for the AA-approximation and is exat for the
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FaliovKimball model (see, for example, [11℄). It an be
seen diretly when we write the equations of motion for
operators Z0↑, Z↓2 and take into aount two obstales:
(i) sums (X00 +Xσσ) and (X22 +X σ¯σ¯) are in this ase
an integral of motion and (ii) for the ξσ operator the
relation
[ξσ, H˜eff ] = Kσ(ω)ξσ + V (X
0σ +X σ¯2) (82)
takes plae in the frequeny representation; here the
funtion Kσ(ω) is onneted with the Fourier transform
of the Green's funtion (19) by
[ω −Kσ(ω)]−1 = Gσ(ω) . (83)
It should be mentioned that in the auxiliary Fermi-
field approah one an obtain for the FalikovKimball
model in the framework of the equation of motion
method an exat expression for the grand anonial po-
tential Ωa of the effetive single-site problem.
Let us represent the exponential operator
exp (−βH˜eff) with the Hamiltonian (77) in the form
e−βH˜eff = n↓e
−β(H1+Hξ) + (1 − n↓)e−β(H2+Hξ) , (84)
where
H1 = H
0
1 +Hint, H2 = H
0
2 +Hint ,
H01 = (U − µ)n↑ − µ, H02 = −µn↑ ,
Hint = V (a
†
σξσ + ξ
†
σaσ) . (85)
By averaging over the ξ-field and taking the trae over
the variables a↑, a
†
↑ we obtain an operator
e−βH˜↓ = n↓Z01〈σ˜↑(β)〉01 + (1− n↓)Z02〈σ˜↑(β)〉02 , (86)
where σ˜↑(β) is a σ-matrix of the form presented in (12)
with the retarded interation V 2G↑(τ − τ ′); 〈. . .〉0i is sta-
tistial average with the Hamiltonian H0i ,
Z01 = e
βµ + e−β(U−µ) ,
Z02 = 1 + e
βµ . (87)
Operator
ρ↓ =
1
Zimp e
−βH˜↓
(88)
plays the role of the single site (impurity") statistial
operator for the eletrons with spin ↓;
Zimp =
∑
i
Z0i〈σ˜↑(β)〉0i . (89)
For the grand anonial potential we obtain an expres-
sion
Ωimp = −Θ lnZimp = −Θ ln
(∑
i
Z0i e
−βQi
)
, (90)
where the notation βQi = − ln〈σ˜↑(β)〉0i is used.
It is easy to see that the following relations take plae
A0↑ =
1 + eβµ
Zimp e
−βQ2 ;
A↓2 =
eβµ + e−β(U−µ)
Zimp e
−βQ1 . (91)
The quantities Q1 and Q2 an be found by means of
differentiation proedure with respet to the interation
onstant V . From the one side, using the relations (90)
and (91) we get
∂Ωimp
∂V
= A↓2
∂Q1
∂V
+A0↑
∂Q2
∂V
. (92)
From the other side,
∂Ωimp
∂V
=
〈
∂
∂V
H˜eff
〉
= 2
〈(
X↑0 +X2↓
)
ξ↑
〉
(93)
and aording to the spetral theorem for Green's fun-
tions
∂Ωimp
∂V
= 2
+∞∫
−∞
dω
eβω + 1
2ℑ〈〈ξ↑|a†↑〉〉ω−i0+ . (94)
The funtion 〈〈ξ↑|a†↑〉〉ω is alulated with the help of
the equation of motion method. Using (82) we have
〈〈ξ↑|a†↑〉〉ω = V G↑(ω)〈〈a↑|a†↑〉〉ω (95)
and finally, after substitution expression (81)
〈〈ξ↑|a†↑〉〉ω =
1
2pi
[
A0↑
V G↑(ω)
ω + µ− V 2G↑(ω)
+ A↓2
V G↑(ω)
ω + µ− U − V 2G↑(ω)
]
. (96)
Using this expression in (94) and omparing the ob-
tained result with (92) we get a result
Q1,2 =
1
pi
+∞∫
−∞
dω
eβω + 1
ℑ ln
(
1− J↑(ω + i0
+)
ω − ε+,− + i0+
)
.
(97)
It orresponds to the expression whih has a form of a
sum over the Matsubara frequenies
Q1,2 =
1
β
∑
n
ln
(
1− J↑(ωn)
iωn − ε+,−
)
(98)
and was obtained for the first time in [11℄. Formulae
(81) for the Green's funtion and (90,98) for the grand
anonial potential of the single site problem were used
as a basi expressions for the onsideration of the energy
spetrum and thermodynamis of the FK model in [11,
90, 91, 94, 95℄ in the framework of the DMFT.
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7.2 Simplied pseudospineletron model
In reent years the pseudospineletron model (PEM)
has been among the atively investigated models in the
theory of strongly orrelated eletron systems. The
model appeared in onnetion with the desription of the
anharmoni phenomena in the high-Tc superondutors
and in searh of the mehanisms that favor the high val-
ues of the transition temperatures into superonduting
state. In addition to the Hubbard type orrelation an in-
teration with the loally anharmoni lattie vibrations
(suh as vibrations onneted with the oxygen sublattie
ions in the YBa2Cu3O7−δ rystals [97,98,99℄) is inluded
into the model. The orresponding degrees of freedom
are desribed by the pseudospin variables with S = 1/2.
The Hamiltonian of the PEM has the form analogous to
(1) with
Hi = Uni↑ni↓−µ
∑
σ
niσ+g
∑
σ
niσS
z
i −hSzi +ΩSxi (99)
(see [100℄ as well as [101, 102, 103℄). Here h is internal
asymmetry field; Ω is a parameter of the tunnelling type
splitting.
The model desribed by the Hamiltonian (99) is more
ompliated for onsideration than the Hubbard one.
An analysis of the energy spetrum, thermodynamis
and harge suseptibility of the model was performed
in [103,104℄ in the ase U =∞ using the generalized ran-
dom phase approximation (GRPA) [76,77℄. The single-
eletron spetrum in this approah is desribed in the
spirit of the Hubbard-I approximation and is splitted
due to the gnSz interation into subbands at the any
value of the oupling onstant.
The DMFT method in its standard formulation based
on the diagrammati expansions for the Matsubara
Green's funtions and on the written in the form (12)
expression for the interation with the effetive field (a
oherent potential) Jσ(τ − τ ′) was applied by now only
in the ase U = 0 and Ω = 0 [84℄. In the GRPA suh
a simplified pseudospin-eletron model was onsidered
in [105,106℄. It is possible to solve analytially an effe-
tive single site problem for this ase too. Let us illustrate
this with the help of the desribed above approah.
The effetive Hamitlonian for the simplified model is
as follows
H˜eff =−µ
∑
σ
nσ + g
∑
σ
nσS
z − hSz
+ V
∑
σ
(ξ†σaσ + a
†
σξσ) +Hξ . (100)
Let us write the required single-site Green's funtion
in the form
G(a)σ (ω) = 〈〈P+aσ|P+a†σ〉〉ω+〈〈P−aσ|P−a†σ〉〉ω , (101)
where P± = 1/2± Sz are the operators projeting into
states with a given pseudospin orientation.
Following the proedure desribed in setion 3 we on-
sider the equation of motion.
[P±aσ, H˜eff ] = E
±P±aσ + V P
±ξσ , (102)
where E± = −µ± g/2. The irregular part in this ase is
Z± = V P±ξσ ≡ V P±ξσ . (103)
The different-time deoupling gives
〈〈P±ξσ|P±ξ†σ〉〉ω = 〈P±〉〈〈ξσ |ξ†σ〉〉ω . (104)
As a result, we obtain Dyson equation
G±σ (ω) = G
±
0 +G
±
0 M
±
σ G
±
σ (105)
with
G±0 =
〈P±〉
ω − E± , M
±
σ(ω) =
1
〈P±〉Jσ(ω) . (106)
It follows herefrom that
G(a)σ (ω) =
〈P+〉
ω − E+ − Jσ(ω) +
〈P−〉
ω − E− − Jσ(ω) . (107)
This expression oinides with the one obtained in the
d = ∞ limit in the framework of DMFT [84℄. The
different-time deoupling (104) is also an exat proe-
dure in this ase.
Let us mention that the two-pole struture of the
single-site Green's funtion leads to the effet of the
metalinsulator transition type at t ∼ g. In the ase
t > g the eletron spetrum onsists of one broad band
while at t < g there appears a gap and the splitting
into two Hubbard-type bands takes plae [84℄. It should
be stressed on this oasion that the Hamiltonian of the
simplified PEM orresponds to the Hamiltonian (76) of
the FK model at the replaement Szi = wi − 12 . There
exists however an essential differene in the regimes of
thermodynamial averaging: in the PEM the value of
the field h is fixed (whih is an analogue of the hem-
ial potential −E in (76)), but not the mean value of
pseudospin. The speial features of the eletron and
pseudospin subsystems behavior and phase transitions
in PEM in this ase are investigated and desribed in
[84, 105,106℄.
8 Perturbation theory in terms of ele-
tron hopping
Presented in the previous setions an irreduible Green's
funtion approah allows to onstrut various approxi-
mations for the single-eletron properties, but does not
allow in general ase to desribe the thermodynamis
in a self-onsistent way. In this setion we present a
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different approah based on the Wik's theorem and di-
agrammati tehnique for the Hubbard operators [70℄.
We onsider the lattie eletroni system that an be
desribed by the following generalized statistial opera-
tor:
ρˆ= e−βHˆ0 σˆ(β) ,
σˆ(β) = T exp
−
β∫
0
dτ
β∫
0
dτ ′
×
∑
ijσ
tσij(τ − τ ′)a†iσ(τ)ajσ(τ ′)
 , (108)
where
Hˆ0 =
∑
i
Hˆi (109)
is a sum of the single-site ontributions and for the Hub-
bard model we have
Hi = Uni↑ni↓ − µ(ni↑ + ni↓)− h(ni↑ − ni↓) ,
tσij(τ − τ ′) = tijδ(τ − τ ′) . (110)
In addition, for the FaliovKimball model
tσij(τ − τ ′) =
{
tijδ(τ − τ ′) for σ =↑
0 for σ =↓ . (111)
On the other hand, for the auxiliary single-site problem
(12) of the DMFT we must put
tσij(τ − τ ′) = δijJσ(τ − τ ′) . (112)
It is supposed that we know eigenvalues and eigen-
states of the zero-order Hamiltonian (109),
Hi|i, p〉 = λp|i, p〉 (113)
and one an introdue Hubbard operators in terms of
whih zero-order Hamiltonian is diagonal
H0 =
∑
i
∑
p
λpXˆ
pp
i . (114)
For the Hubbard model we have four states |i, p〉 =
|i, ni↑, ni↓〉 (23): |i, 0〉 = |i, 0, 0〉 (empty site), |i, 2〉 =
|i, 1, 1〉 (double oupied site), |i, ↑〉 = |i, 1, 0〉 and |i, ↓
〉 = |i, 0, 1〉 (sites with spin-up and spin-down eletrons)
with energies
λ0 = 0 , λ2 = U − 2µ ,
λ↓ = h− µ , λ↑ = −h− µ . (115)
The onnetion between the eletron operators and the
Hubbard operators is the following:
niσ = X
22
i +X
σσ
i ; aiσ = X
0σ
i + σX
σ¯2
i . (116)
Our aim is to alulate the grand anonial potential
funtional
Ω = − 1
β
ln Sp ρˆ = Ω0 − 1
β
ln〈σˆ(β)〉0 ,
Ω0 = − 1
β
ln Sp e−βH0 , (117)
single-eletron Green's funtions
Gijσ(τ − τ ′) = 〈Ta†iσ(τ)ajσ(τ ′)〉 = β
δΩ
δtσij(τ − τ ′)
(118)
and mean values
nσ =
1
N
∑
i
〈niσ〉 = − 1
N
dΩ
dµσ
,
n = n↑ + n↓ ; m = n↑ − n↓ , (119)
where µσ = µ + σh is a hemial potential for the ele-
trons with spin σ. Here, 〈. . .〉 = Sp(. . . ρˆ)/Z, Z = Sp ρˆ,
or in the interation representation
〈. . .〉 = 1〈σˆ(β)〉0 〈. . . σˆ(β)〉0 = 〈. . . σˆ(β)〉0c , (120)
where 〈. . .〉0 = Sp(. . . e−βH0)/Z0; Z0 = Sp e−βH0 .
We expand the sattering matrix σˆ(β) in (108) into
the series in terms of eletron hopping and for 〈σ(β)〉0 we
obtain a series of terms that are produts of the hopping
integrals and averages of the eletron reation and an-
nihilation operators or, using (116), Hubbard operators
that will be alulated with the use of the orresponding
Wik's theorem.
Wik's theorem for Hubbard operators was formulated
in [74℄ (see also Ref. [75℄ and referenes therein). For
the Hubbard model we an define four diagonal Hub-
bard operators Xpp (p = 0, 2, ↓, ↑) whih are of bosoni
type, four annihilation X0↓, X0↑, X↑2, X↓2 and four
onjugated reation fermioni operators, and two anni-
hilation X↓↑, X02 and two onjugated reation bosoni
operators. The algebra of Xˆ operators is defined by the
multipliation rule
Xrsi X
pq
i = δspX
rq
i , (121)
the onserving ondition∑
p
Xppi = 1 (122)
and the ommutation relations
[Xrsi , X
pq
j ]± = δij(δspX
rq
i ± δrqXpsi ) , (123)
where one must use antiommutator when both oper-
ators are of the fermioni type and ommutator in all
other ases. So, ommutator or antiommutator of two
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Hubbard operators is not a c number but a new Hub-
bard operator. Then the average of a T produts of X
operators an be evaluated by the onseutive pairing,
while taking into aount standard permutation rules
for bosoni and fermioni operators, of all off-diagonal
Hubbard operators Xpq aording to the rule (Wik's
theorem)
✛
Xrsi (τ1)X
pq
0 (τ) =−δ0igpq(τ − τ1)
× [Xrsi (τ1), Xpqi (τ1)]± (124)
until we get the produt of the diagonal Hubbard op-
erators only. Here we introdue the zero-order Green's
funtion
gpq(τ − τ1) = 1
β
∑
ν
gpq(ων)e
iων(τ−τ1)
= e(τ−τ1)λpq
{±n±(λpq) τ > τ1
±n±(λpq)− 1 τ < τ1 , (125)
where λpq = λp − λq and n±(λ) =
(
eβλ ± 1)−1, and its
Fourier transform is equal
gpq(ων) =
1
iων − λpq . (126)
Applying suh pairing proedure to the expansion of
〈σˆ(β)〉0 we get the following diagrammati representa-
tion:
〈σˆ(β)〉0 =
〈
exp
{
− −
1
2
−
1
3
− . . .
(127)
− © − © − . . .− © − . . .
}〉
0
,
where arrows denote the zero-order Green's funtions
(126), wavy lines denote hopping integrals and , . . .
stay for some ompliated n verties, whih for suh
type perturbation expansion are an irreduible many-
partile single-site Green's funtions alulated with the
single-site Hamiltonian (114). Eah vertex (Green's
funtion) is multiplied by a diagonal Hubbard opera-
tor denoted by a irle and one gets an expression with
averages of the produts of diagonal Hubbard operators.
For the FaliovKimball model expression (127) re-
dues and ontains only single loop ontributions
〈σˆ(β)〉0=
〈
exp
{
− −
1
2
−
1
3
− . . .
}〉
0
,
(128)
where
=
Pˆ±i
iων + µ∗∓U2
;
Pˆ+i = nˆi↓; Pˆ
− = 1 − nˆi↓, µ∗ = µ − U/2 and by intro-
duing pseudospin variables Szi = (Pˆ
+
i − Pˆ−i )/2 one an
transform the FaliovKimball model into an Ising-type
model with the effetive multisite retarded pseudospin
interations. Expression (128) an be obtained from the
statistial operator (108) by performing partial averag-
ing over fermioni variables, whih gives an effetive sta-
tistial operator for pseudospins (ions).
So, after applying Wik's theorem our problem splits
into two problems: (i) alulation of the irreduible
many-partile Green's funtions (verties) in order to
onstrut expression (127) and (ii) alulation of the av-
erages of the produts of diagonal Hubbard operators
and summing up the resulting series.
9 Irreduible many-partile Green's
funtions
For the Hubbard model by applying the Wik's theorem
for X operators one gets for two-vertex
= gσ0(ων)(Xˆ
σσ
i + Xˆ
00
i )
+ g2σ¯(ων)(Xˆ
22
i + Xˆ
σ¯σ¯
i ) , (129)
for four-vertex
ωνσ
ων+mσ
©
ων′ σ¯
ων′+mσ¯
= Λˆ
(4)
iσσ¯(ων , ων+m, ων′+m, ων′) (130)
= Xˆ00i gσ0(ων)gσ0(ων+m)
(
U + U2g20(ων+ν′+m)
)
×gσ¯0(ων′)gσ¯0(ων′+m)
+Xˆ22i g2σ¯(ων)g2σ¯(ων+m)
(
U − U2g20(ων+ν′+m)
)
×g2σ(ων′)g2σ(ων′+m)
+Xˆσσi gσ0(ων)gσ0(ων+m)
(
U + U2gσσ¯(ων−ν′)
)
×g2σ(ων′)g2σ(ων′+m)
+Xˆ σ¯σ¯i g2σ¯(ων)g2σ¯(ων+m)
(
U − U2gσσ¯(ων−ν′)
)
×gσ¯0(ων′)gσ¯0(ων′+m) ,
Λˆ
(4)
iσσ(ων , ων+m, ων′+m, ων′) ≡ 0
and so on. Expressions (129) and (130) and for the ver-
ties of higher order possess one signifiant feature [70℄.
They deompose into four terms with different diago-
nal Hubbard operators Xpp, whih projet our single-
site problem on ertain vauum states (subspaes), and
zero-order Green's funtions, whih desribe all possible
exitations and sattering proesses around these va-
uum states: i.e., reation and annihilation of single ele-
trons and of the doublon (pair of eletrons with opposite
spins) for subspaes p = 0 and p = 2 and reation and
annihilation of single eletrons with appropriate spin ori-
entation and of the magnon (spin flip) for subspaes p =↑
and p =↓.
In ompat form expressions (129) and (130) an be
written as
=
∑
p
Xˆppi gσ(p)(ων) (131)
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and
© =
∑
p
Xˆppi gσ(p)(ων)gσ(p)(ων+m)U˜σσ¯(p)(ων , ων′ |ωm)
× gσ¯(p)(ων′)gσ¯(p)(ων′+m) , (132)
where
gσ(p)(ων) =
{
gσ0(ων) for p = 0, σ
g2σ¯(ων) for p = σ¯, 2
. (133)
Here
U˜σσ¯(p)(ων , ων′ |ωm)
=
{
U ± U2g20(ων+ν′+m) for p = 0, 2
U ± U2gσσ¯(ων−ν′) for p = σ, σ¯ ,
U˜σσ¯(p)(ων , ων′ |ωm) = U˜σ¯σ(p)(ων′ , ων |ωm) (134)
is a renormalized Coulomb interation in the subspaes.
In diagrammati notations expressions (130) or (132)
an be represented as
2
1
3
4
=
2
1
3
4
±


3
1
4
2
for p = 0, 2
4
1
3
2
for p = σ, σ¯
,
(135)
where dots denote Coulomb orrelation energy U = λ2+
λ0−λ↑−λ↓ and dashed arrows denote bosoni zero-order
Green's funtions: doublon g20(ωm) or magnon gσσ¯(ωm).
Expression for six-vertex ontains the ontributions
whih an be presented by the following diagrams:
(136)
with the internal verties of the same type as in (135)
and ontribution whih an be presented diagrammati-
ally as
(137)
So, we an introdue primitive verties
(138)
by whih one an onstrut all n verties in expansion
(127) aording to the following rules:
1. n verties are onstruted by the diagonal Hubbard
operator Xpp and zero-order fermioni and bosoni
lines onneted by primitive verties (138) speifi
for eah subspae p.
2. External lines of n verties must be of the fermioni
type.
3. Diagrams with the loops formed by zero-order
fermioni and bosoni Green's funtions are not al-
lowed beause they are already inluded into the
formalism, e.g., gives .
For n verties of higher order a new primitive verties
an appear but we do not hek this due to the rapid in-
rease of the algebrai alulations with the inrease of n.
Diagrams (135), (136), and (137) topologially are trun-
ated Bethe-latties onstruted by the primitive ver-
ties (138) and an be treated as some generalization of
the Hubbard stars [107,108,109℄ in the thermodynamial
perturbation theory.
It should be noted that eah n vertex ontains
Coulomb interation U as in primitive verties (138) (de-
noted by dots) as in the denominators of the zero-order
Green's funtions (126). In the U →∞ limit, eah term
in the expressions for n verties an diverge but total
vertex possesses finite U →∞ limit when diagrammati
series of Ref. [76℄ are reprodued.
The seond problem of alulation of the averages of
diagonal X operators is more ompliated. One of the
ways to solve it is to use semi-invariant (umulant) ex-
pansions as was done in Refs. [76℄ and [77℄ for the U =∞
limit. Another way is to onsider the d =∞ limit where
new simplifiations appear.
10 Dynamial mean-field theory
In general, the grand anonial potential for lattie is
onneted with the one for the auxiliary single-site prob-
lem of the DMFT by the expression [11℄
Ω
N
=Ωimp − 1
β
∑
νσ
{
lnG(a)σ (ων)
− 1
N
∑
k
lnGσ(ων ,k)
}
. (139)
On the other hand, we an write for the grand anonial
potential for atomi limit Ωimp the same expansion as
in (127) but now we have averages of the produts of
diagonal X operators at the same site. Aording to
(121) we an multiply them and redue their produt
to a single X operator that an be taken outside of the
brakets and exponent in (127) and its average is equal
to
〈Xpp〉0 = e
−βλp∑
q e
−βλq
.
Finally, for the grand anonial potential in atomi limit
we get
Ωimp = − 1
β
ln
∑
p
e−βΩ(p) , (140)
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where
Ω(p) = λp +
1
β
{
+
1
2
+
1
3
+ . . .(141)
+ + + . . . + + . . .
}
are the grand anonial potentials for the subspaes.
Now we an find single-eletron Green's funtion for
atomi limit
G(a)σ (τ − τ ′) = β
δΩimp
δJσ(τ − τ ′)
=
∑
p
wpGσ(p)(τ − τ ′) , (142)
where
Gσ(p)(τ − τ ′) = β
δΩ(p)
δJσ(τ − τ ′) (143)
are single-eletron Green's funtions for the subspaes
haraterized by the statistial weights
wp =
e−βΩ(p)∑
q
e−βΩ(q)
(144)
and our single-site atomi problem exatly splits into
four subspaes p = 0, 2, ↓, ↑.
We an introdue irreduible parts of Green's fun-
tions in subspaes Ξσ(p)(ων) by
Gσ(p)(ων) =
1
Ξ−1
σ(p)(ων)− Jσ(ων)
, (145)
where
Ξσ(p)(ων) = + + + . . . . (146)
Aording to the rules of the introdued diagrammati
tehnique, n verties are terminated by the fermioni
Green's funtions [see (135), (136), and (137)℄ and this
allows us to write a Dyson equation for the irreduible
parts and to introdue a self-energy in subspaes
Ξ−1
σ(p)(ων) = g
−1
σ(p)(ων)− Σσ(p)(ων) , (147)
where self-energy Σσ(p)(ων) depends on the hopping in-
tegral Jσ′ (ων′) only through quantities
Ψσ′(p)(ων′) = Gσ′(p)(ων′)− Ξσ′(p)(ων′)
≡ Ξ2σ′(p)(ων′)Jσ′(ων′)
×{1 + Ξσ′(p)(ων′)Jσ′ (ων′) + · · ·} . (148)
It should be noted, that the total self-energy of the
atomi problem is onneted with the total irreduible
part by the expression
Σσ(ων) = iων + µ− Ξ−1σ (ων) (149)
and it has no diret onnetion with the self-energies in
the subspaes.
The fermioni zero-order Green's funtion (133) an
be also represented in the following form
gσ(p) =
1
iων + µσ − Un(0)σ¯(p)
, (150)
where
n
(0)
σ(p) = −
dλp
dµσ
=
{
0 for p = 0, σ¯
1 for p = 2, σ
(151)
is an oupation of the state |p〉 by the eletron with spin
σ, and Green's funtion (145) an be written as
Gσ(p)(ων) =
[
iων + µσ − Un(0)σ¯(p)
−Σσ(p)(ων)− Jσ(ων)
]−1
. (152)
Now, one an reonstrut expression for the grand
anonial potentials Ω(p) in subspaes from the known
struture of Green's funtions. To do this, we sale hop-
ping integral
Jσ(ων)→ αJσ(ων) , α ∈ [0, 1] , (153)
whih allows to define the grand anonial potential as
Ω(p) = λp +
1∫
0
dα
1
β
∑
νσ
Jσ(ων)Gσ(p)(ων , α) (154)
and after some transformations one an get
Ω(p) = λp −
1
β
∑
νσ
ln
[
1− Jσ(ων)Ξσ(p)(ων)
]
− 1
β
∑
νσ
Σσ(p)(ων)Ψσ(p)(ων) + Φ(p) , (155)
where
Φ(p) =
1
β
∑
νσ
1∫
0
dαΣσ(p)(ων , α)
dΨσ(p)(ων , α)
dα
(156)
is some funtional, suh that its funtional derivative
with respet to Ψ produes self-energy:
β
δΦ(p)
δΨσ(p)(ων)
= Σσ(p)(ων) . (157)
So, if one an find or onstrut self-energy Σσ(p)(ων) he
an find Green's funtions and grand anonial poten-
tials for subspaes and, aording to (140) and (142),
solve auxiliary single-site problem.
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Starting from the grand anonial potential (140) and
(155) one an get for mean values (119),
nσ =
∑
p
wpnσ(p) ,
nσ(p) = n
(0)
σ(p) +
1
β
∑
ν
[
Gσ(p)(ων)− Ξσ(p)(ων)
]
− ∂Φ(p)
∂µσ
, (158)
where in the last term the partial derivative is taken over
the µσ not in the fields Ψσ(p)(ων) (148). The seond
term in the right-hand side of (158) an be represented
diagrammatially as
(159)
and the first ontributions into the last term are follow-
ing
, , . . . , (160)
where double lines denote quantities Ψσ(p)(ων). Loop
is onneted with the superonduting or magnon
suseptibilities for subspaes p = 0, 2 or p = σ, σ¯, respe-
tively.
For the single atom [Jσ(ων) = 0℄ we have Φ(p) = 0,
Gσ(p)(ων) = Ξσ(p)(ων) = gσ(p)(ων), and
nσ =
∑
p
wp
1
β
∑
ν
gσ(p)(ων) =
∑
p
wpn
(0)
σ(p) , (161)
but in the general ase [Jσ(ων) 6= 0℄ we annot prove
that the sum rule
nσ =
1
β
∑
ν
G(a)σ (ων) (162)
is fulfilled.
10.1 FaliovKimball model
For the FaliovKimball model J↓(ων) = 0 and aord-
ing to (130)
Σ↑(p)(ων) ≡ 0 ; Ξ↑(p)(ων) = g↑(p)(ων) ;
Φ(p) ≡ 0 (163)
and
Ω(p) = λp −
1
β
∑
ν
ln
[
1− J↑(ων)g↑(p)(ων)
]
, (164)
G
(a)
↑ (ων) =
1− n↓
iων − λ↑0 − J↑(ων)
+
n↓
iων − λ2↓ − J↑(ων) , (165)
n↑ =
1
β
∑
ν
G
(a)
↑ (ων) , n↓ = w2 + w↓ , (166)
whih immediately gives results of [11℄ (see also
Ref. [84℄). Expression (165) is the Matsubara represen-
tation of the Green's funtion (81) and the seond term
in (164) orresponds to the quantities Q1,2 (97), whih
give its real axis representation.
For the Hubbard model there are no exat expression
for self-energy but the set of Eqs. (145), (147), and (155)
allows one to onstrut different self-onsistent approx-
imations.
10.2 Alloy-analogy approximation
The simplest approximation, whih an be done, is to
put
Σσ(p)(ων) = 0 ; Φ(p) = 0 (167)
whih gives
Ξσ(p)(ων) = gσ(p)(ων) (168)
and
Ω(p) = λp −
1
β
∑
νσ
ln
[
1− Jσ(ων)gσ(p)(ων)
]
(169)
and for the Green's funtion for the atomi problem one
an obtain a two-pole expression
G(a)σ (ων) =
w0 + wσ
iων − λσ0 − Jσ(ων)
+
w2 + wσ¯
iων − λ2σ¯ − Jσ(ων) (170)
of the alloy-analogy solution for the Hubbard model,
whih is a zero-order approximation within the onsid-
ered approah. For this approximation, mean values
(119) are equal to
nσ =
1
β
∑
ν
G(a)σ (ων) + w2 + wσ −
w0 + wσ
eβλσ0 +1
− w2 + wσ¯
eβλ2σ¯ +1
6= 1
β
∑
ν
G(a)σ (ων) (171)
and, for some values of the hemial potential, they an
get unphysial values: negative or greater then one.
10.3 HartreeFok approximation
The next possible approximation is to take into aount
the ontribution from diagram (159) and to onstrut
the equation for the self-energy in the following form:
Σσ(p)(ων) =
1
β
∑
ν′
UΨσ¯(p)(ων′) , (172)
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whih, together with the expression for mean values
nσ(p) = n
(0)
σ(p) +
1
β
∑
ν
Ψσ(p)(ων)
= n
(0)
σ(p) −
1
2
+
1
2
tanh
β
2
[
Unσ¯(p) − µσ
]
+
1
β
∑
ν′
Gσ(p)(ων′) , (173)
gives for the Green's funtion in the subspaes expression
in the HartreeFok approximation:
Gσ(p)(ων) =
1
iων + µσ − Unσ¯(p) − Jσ(ων)
. (174)
Now, grand anonial potentials in the subspaes are
equal
Ω(p) = λp −
1
β
∑
νσ
ln
[
1− Jσ(ων)Ξσ(p)(ων)
]
−U
(
nσ(p) − n(0)σ(p)
)(
nσ¯(p) − n(0)σ¯(p)
)
, (175)
Φ(p) =U
(
nσ(p) − n(0)σ(p)
)(
nσ¯(p) − n(0)σ¯(p)
)
and for the single-site Green's funtion (142) one an
obtain a four-pole struture
G(a)σ (ων) =
∑
p
wp
iων + µσ − Unσ¯(p) − Jσ(ων)
. (176)
Expression (176), in ontrast to the alloy-analogy solu-
tion (170), possesses the orret HartreeFok limit for
small Coulomb interation U ≪ t:
G(a)σ (ων) =
1
iων + µσ − Unσ¯ − Jσ(ων) , (177)
when wp ≈ 1/4 and nσ(p) ≈ nσ = Θ
∑
ν G
(a)
σ (ων). On
the other hand, in the same way as an alloy-analogy
solution, it desribes the metalinsulator transition with
the hange of U .
In Fig. 1 the frequeny distribution of the total spe-
tral weight funtion
ρσ(ω) =
1
pi
ℑG(a)σ (ω − i0+) (178)
as well as ontributions into it from the subspaes [sep-
arate terms in (176)℄ are presented for the different
eletron onentration (hemial potential) values. One
an see, that the spetral weight funtion ontains two
peaks, whih orrespond to the two Hubbard bands.
Eah band is formed by the two lose peaks: p = 0
and σ for the lower Hubbard band and p = 2 and σ¯ for
the upper one, with weights wp (144). The main on-
tributions ome (see Fig. 2) from the subspaes p = 0
for the low eletron onentrations (n < 2/3, µ < 0),
p = 2 for the low hole onentrations (2 − n < 2/3,
µ > U) and p = σ, σ¯ for the intermediate values. For
the small eletron or hole onentrations, the Green's
funtion for the atomi problem (176) possesses orret
HartreeFok limits too.
Suh four-pole struture of the single-eletron Green's
funtion an be obtained also for the one-dimensional
hain with the N = 2 periodi boundary ondition (see
Appendix in Ref. [70℄), whih is equivalent to the two-
site problem onsidered by Harris and Lange [58℄. Here,
two poles orrespond to the noninterating eletrons or
holes, whih hope over the empty sites, and give the
main ontribution for small onentrations. The other
two poles give the main ontribution lose to half-filling
and orrespond to the hopping of the strongly-orrelated
eletrons over the resonating valene bond (RVB) states.
So, one an suppose that the Hubbard model desribes
strongly-orrelated eletroni systems that ontain four
omponents (subspaes). Subspaes p = 0 and p = 2
desribe the Fermi-liquid omponent (eletron and hole,
respetively) whih is dominant for the small eletron
and hole onentrations, when the hemial potential is
lose to the bottom of the lower band and top of the
upper one. On the other hand, subspaes p =↑ and ↓
desribe the non-Fermi-liquid (strongly orrelated, e.g.,
RVB) omponent, whih is dominant lose to half-filling.
The plateau at half filling for wp (p =↑, ↓) an be as-
soiated with the antiferromagneti phase. Within the
onsidered HartreeFok approximation, at n ≈ 2/3
and 2 − n ≈ 2/3, we have transition between these
two regimes: Fermi liquid and non-Fermi liquid. It
reminds us the known properties of the high-Tc om-
pounds, where for the nondoped ase (n = 1) om-
pounds are in the antiferromagneti dieletri state, then
for small doping the non-Fermi-liquid behavior is ob-
served (underdoped ase n . 1) and after some optimal
doping value, the properties of the ompound sharply
hange from the non-Fermi to the Fermi liquid (over-
doped ase).
The results presented in Figs. 1 and 2 are obtained
for relatively high temperature. With the temperature
derease, on the one hand, the transition between the
Fermi and non-Fermi liquid beomes sharp and, on the
other hand, for some hemial potential values there an
be three solutions of (173) with two of them orrespond-
ing to the phase-separated states. The onsideration of
the phase separation in the Hubbard model is not a topi
of this paper and will be the subjet of further investi-
gations.
At low temperatures, besides the plateau on the on-
entration dependene of wp for p = σ, σ¯ at half filling,
also the plateau for the statistial weights of subspaes
p = 0, 2 are developed at low eletron and hole on-
entrations, see Fig. 3. The p = 0 and p = 2 ompo-
nents for the low eletron or hole onentrations are in
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the ferromagneti state, while the non-Fermi-liquid one
is antiferromagneti (AF) lose to half-filling [110℄. For
the intermediate onentration values the piture is very
ompliated, even frustrated. It is due to the fat that
equations for the mean values (173) have several solu-
tions in this region, whih, on the other hand, are mu-
tually onneted with the dynamial mean field Jσ(ων).
It is diffiult to determine the ground state for this, pos-
sibly pseudo-gap, region, whih is loated between the
ferromagneti and antiferromagneti phases.
In Fig. 4 we presented the phase diagram (T, U)  the
temperature of the AF ordering vs orrelation energy
U , whih is in a qualitative agreement with the results
of Refs. [21, 111, 23℄ and reprodues the results of the
HartreeFok theory and mean field approximation for
U ≪ t and U ≫ t, respetively. Our results for the
AF ritial temperature for small U are higher then the
one of the Quantum Monte Carlo simulations [21℄ by
about a fator at three that desribes the redution of
the HartreeFok solution by the lowest order quantum
flutuations [107℄.
10.4 Beyond the HartreeFok approximation
Self-energy in the HartreeFok approximation [see
Eq. (174)℄ desribes some self-onsistent shift of the ini-
tial energy levels and does not depend on the frequeny.
All other improvements of the expression for self-energy
add the frequeny dependent ontributions. To see this,
let us onsider the ontribution into the mean values
from the first diagram in (160). This diagram originates
from the following skeletal diagram
(179)
in the diagrammati expansion for funtional Φ(p). On
the other hand, suh a skeletal diagram produes addi-
tional ontribution into the self-energy
(180)
whih is frequeny dependent. Also, in order to get a
self-onsistent set of equations, we introdue renormal-
ized bosoni Green's funtions
D20(p)(ωm) =
1
iωm − λ˜20(p)
;
Dσσ¯(p)(ωm) =
1
iωm − λ˜σσ¯(p)
,
λ˜20(p) = λ20 + U
1
β
∑
νσ
Ψσ(p)(ων) , (181)
λ˜σσ¯(p) = λσσ¯ + U
1
β
∑
ν
(
Ψσ¯(p)(ων)−Ψσ(p)(ων)
)
.
Finally, for the Green's funtion (152) we get the gen-
eral representation
Gσ(p)(ων) =
[
iων + µσ − Unσ¯(p)
− Σ˜σ(p)(ων)− Jσ(ων)
]−1
, (182)
where the HartreeFok ontribution Unσ¯(p) is extrated
and Σ˜σ(p)(ων) is a frequeny dependent part of the self-
energy, whih within the onsidered approximation is
equal
Σ˜σ(p)(ων) =
±U
2
β
∑
ν′
D˜σσ¯(p)(ων , ων′)Ψσ¯(p)(ων′) , (183)
where
D˜σσ¯(p)(ων , ων′) =
{
D20(p)(ων+ν′) for p = 0, 2
Dσσ¯(p)(ων−ν′) for p = σ, σ¯
.
(184)
Now, mean values (158) are equal
nσ(p) = n
(0)
σ(p) +
1
β
∑
ν
Ψσ(p)(ων)
± 1
β2
∑
νν′
U2D˜2σσ¯(p)(ων , ων′)
×Ψσ(p)(ων)Ψσ¯(p)(ων′) (185)
and for the funtional (156) in the grand anonial po-
tentials in the subspaes we obtain the following expres-
sion
Φ(p) =
1
β2
∑
νν′
[
U ± U2D˜σσ¯(p)(ων , ων′)
]
×Ψσ(p)(ων)Ψσ¯(p)(ων′) . (186)
Expression (186) besides the HartreeFok ontribution
(175) ontains also the ontribution from the skeletal
diagram (179).
In order to analyze the struture of the poles in
(182), an analytial ontinuation of the expression for
Σ˜σ(p)(ων) from the imaginary axis to the real one should
be done. To do it, we use the well-known identity
1
β
∑
ν
eiων0
+
iων − λ = ±n±(λ) , (187)
whih follows from (125), and analytial properties of
the Green's funtion
Gσ(z) =
1
pi
+∞∫
−∞
dω
ℑGσ(ω − i0+)
z − ω . (188)
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Green's funtions in the subspaes Gσ(p)(z), irreduible
parts Ξσ(p)(z), and dynamial mean-field Jσ(z) all pos-
sess the same analytial properties. Finally, we get the
following expressions:
Σ˜σ(p)(z) =±
U2
pi
+∞∫
−∞
dω n+(ω)
ℑΨσ¯(p)(ω − i0+)
z + ω − λ˜20(p)
∓n−(λ˜20(p)) U2Ψσ¯(p)(λ˜20(p) − z) (189)
for subspaes p = 0, 2 and
Σ˜σ(p)(z) =±
U2
pi
+∞∫
−∞
dω n+(ω)
ℑΨσ¯(p)(ω − i0+)
z − ω − λ˜σσ¯(p)
(190)
∓
[
n−(λ˜σσ¯(p)) + 1
]
U2Ψσ¯(p)(z − λ˜σσ¯(p))
for p = σ, σ¯. Analytial ontinuation of expressions
(185) and (186) an be done in the same way. One an
see, that ontributions (189) and (190) diverge in the
paramagneti phase lose to half filling when λ˜20(p) = 0
and λ˜σσ¯(p) = 0, respetively, whih is an unphysial re-
sult.
So, we annot inlude into the onsideration only one
ontribution from diagram (179) but one have to on-
sider, besides the fermioni loops, also the bosoni ones
[112℄ whih orrespond to the reation and annihilation
of the doublons (pairs of eletrons), desribed by the Xˆ20
and Xˆ02 operators, for subspaes p = 0, 2 and magnons,
desribed by the Xˆ↑↓ and Xˆ↓↑ operators, for p =↑, ↓.
The suh loop ontributions of bosoni exitations an
be summed up and one an obtain
Φ(p) =
1
β
∑
m
ln
[
1− U
×
(
1± UD˜σσ¯(p)(ωm)
)
χ˜σσ¯(p)(ωm)
]
, (191)
where
D˜σσ¯(p)(ωm) =D20(p)(ωm) , (192)
χ˜σσ¯(p)(ωm) =−
1
β
∑
ν
Ψσ(p)(ων)Ψσ¯(p)(ωm−ν)
for subspaes p = 0, 2 and
D˜σσ¯(p)(ωm) =Dσσ¯(p)(ωm) , (193)
χ˜σσ¯(p)(ωm) =−
1
β
∑
ν
Ψσ(p)(ων)Ψσ¯(p)(ων−m)
for subspaes p = σ, σ¯. Expression (186) is the first
term of the expansion of funtional (191) in the series
over χ˜σσ¯(p)(ωm).
Now we obtain for mean values the following expres-
sion
nσ(p) = n
(0)
σ(p) +
1
β
∑
ν
Ψσ(p)(ων) (194)
∓ 1
β
∑
m
U2D˜2σσ¯(p)(ωm)χ˜σσ¯(p)(ωm)
1− U
(
1± UD˜σσ¯(p)(ωm)
)
χ˜σσ¯(p)(ωm)
and self-energy ontains the frequeny dependent part
Σσ(p)(ων) = U
(
nσ¯(p) − n(0)σ¯(p)
)
+ Σ˜σ(p)(ων) , (195)
Σ˜σ(p)(ων) = U
2 1
β
∑
m(
1± UD˜σσ¯(p)(ωm)
)
χ˜σσ¯(p)(ωm)± D˜σσ¯(p)(ωm)
1− U
(
1± UD˜σσ¯(p)(ωm)
)
χ˜σσ¯(p)(ωm)
×
{
Ψσ¯(p)(ωm−ν), for p = 0, 2
Ψσ¯(p)(ων−m), for p = σ, σ¯
, (196)
that desribes the ontributions from the doublons
(harge flutuations) for the Fermi liquid omponent
(p = 0, 2) and magnons (spin flutuations) for the non-
Fermi liquid one (p =↑, ↓) with the renormalized spe-
trum determined by the zeros of denominator in (196).
Expression (191) for funtional Φ(p) has the same form
as the orretion to free energy in the theory of the self-
onsistent renormalization (SCR) of spin flutuations by
Moriya [113℄. But in our ase it desribes ontributions
from the single-site bosoni (spin or harge) flutuations
with speifi renormalization funtions different for dif-
ferent subspaes. Spin flutuations give the main ontri-
bution lose to half filling in the non-Fermi liquid regime
but for small eletron (n≪ 1) or hole (2−n≪ 1) onen-
trations the ontributions from the harge flutuations
must be taken into aount.
11 Conluding remarks
An analytial approahes for the solution of the effe-
tive single site problem in the DMFT method for the
Hubbard-type models desribed in this artile are based
on the strong oupling sheme that onsiders the strong
loal interation as referene system. For the first one,
it orresponds to the seletion of the Hubbard operators
as basis for the projetion proedure for Green's fun-
tions while in the seond one the perturbation theory
over eletron hopping is used. Both of them have their
advantages.
The equation of motion method together with the av-
eraging over the auxiliary Fermi field gives an approxi-
mate interpolating sheme that in speifi ases inludes
a number of known approximations for the Hubbard and
similar models. An examples where the proposed ap-
proah gives exat results are given (FaliovKimball
and simplified pseudospin-eletron models).
At the same time, the applied proedure of the irre-
duible Green's funtions introdution and different time
19
deoupling appears to be too simple to obtain the 4-pole
struture for the single-site eletron Green's funtion.
An inlusion only of the Fermi-type single-site Hubbard
operators in the basis at the formulation of the equations
of motion produes the 2-pole Green's funtion and only
the extension of the basis and appliation of the pro-
jetion and deoupling proedures to the higher order
funtions probably an be able to reveal the more om-
pliated struture of funtion G
(a)
σ (ω). Besides, this way
requires the onsideration of the retarded effetive inter-
ations formed by the auxiliary ξ-field.
Nevertheless, it should be mentioned, that the sim-
pliity and aessibility of suh approah based on the
equation of motion method makes it attrative for the
approximate analytial onsiderations. It seems useful
to apply it to the problems whih have been onsidered
up to now by means of numerial methods (or an be
solved exatly only numerially). It should be noted,
that the alulation of the eletron mean oupation val-
ues (and derivation of the equation for the hemial po-
tential), as well as the determination of the grand anon-
ial potential within the equation of motion sheme for
the Green's funtions are eluidated only partially in this
work. It will be the subjet of a separate publiation.
The seond approah onsidered in this artile uses
for the Hubbard-type models a finite-temperature per-
turbation theory sheme in terms of eletron hopping,
whih is based on the Wik's theorem for Hubbard op-
erators and is valid for arbitrary values of U (U < ∞).
Diagrammati series ontain single-site verties, whih
are irreduible many-partile Green's funtions for un-
perturbated single-site Hamiltonian, onneted by hop-
ping lines. Applying the Wik's theorem for Hubbard
operators has allowed us to alulate these verties and
it is shown that for eah vertex the problem splits into
subspaes with vauum states" determined by the diag-
onal (projetion) operators and only exitations around
these vauum states" are allowed. The verties possess
a finite U → ∞ limit when diagrammati series of the
strong-oupling approah [76, 77℄ are reprodued. The
rules to onstrut diagrams by the primitive verties are
proposed.
In the limit of infinite spatial dimensions the total aux-
iliary single-site problem exatly (naturally) splits into
subspaes (four for Hubbard model) and a onsidered an-
alytial sheme allows to build a self-onsistent Baym
Kadanoff-type theory for the Hubbard model. Some an-
alytial results are given for simple approximations: an
alloy-analogy approximation, when two-pole struture
for Green's funtion is obtained, whih is exat for the
FaliovKimball model, and the HartreeFok-type ap-
proximation, whih results in the four-pole struture for
the Green's funtion. Expanding beyond the Hartree
Fok approximation alls for the onsidering of the fre-
queny dependent ontributions into the self-energy on-
neted with the self-onsistently renormalized spin and
harge flutuations.
In general, the expression
G(a)σ (ων) =
∑
p
wp
iων + µσ − Unσ¯(p) − Σ˜σ(p)(ων)− Jσ(ων)
(197)
gives an exat four-pole struture for the single-site
Green's funtion of the effetive atomi problem. In
(147) zero-order Green's funtions (133) are the same
for the subspaes p = 0, σ and p = 2, σ¯, respetively,
and orrespond to the two-pole solution of the one-site
problem without hopping. Swithing on of the eletron
hopping splits these two poles and the value of splitting
is determined by the values of the self-energy parts in
the subspaes, whih desribe the ontributions from the
different sattering proesses. Alloy-analogy approxima-
tion neglets suh sattering proesses (Σσ(p)(ων) = 0)
whih results in the two-pole struture for the Green's
funtions (170). But, in general, Green's funtions pos-
sess four-pole struture and even the HartreeFok ap-
proximation (176) learly shows it.
It should be noted that the four-pole struture of the
Green's funtion for the atomi problem might not re-
sult in the four bands of the spetral weight funtion (see
Fig. 1). The presented onsideration allows us to sup-
pose that eah pole desribes ontributions from the dif-
ferent omponents (subspaes) of the eletroni system:
Fermi liquid (subspaes p = 0, 2) and non-Fermi liquid
(p =↑, ↓), and for small eletron and hole onentrations
(n < 2/3 and 2 − n < 2/3) the Fermi-liquid ompo-
nent gives the main ontribution (overdoped regime of
high-Tc's), whereas in other ases the non-Fermi liquid
one (underdoped regime).
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Figure 1: Spetral weight funtion ρσ(ω) (178): total and for eah subspae, for the different hemial potential
values: (a) µ = U/2, n = 1; (b) µ = −1, n = 0.07; () µ = 0.01, n = 0.72; (d) µ = −0.01, n = 0.66 (U = 4, T = 0.2)
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Figure 2: Statistial weights of the subspaes wp (144) as funtions of the eletron onentration (U = 4, T = 0.2)
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Figure 3: Statistial weights of subspaes wp and ferromagneti mF and antiferromagneti mAF order parameters
vs eletron onentration for U = 1.56, T = 0.14
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Figure 4: Phase diagram (T, U) at half-filling n = 1 (AF  antiferromagneti phase, PM  paramagneti phase)
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